In this paper we prove that the Kähler-Einstein metrics for a simple toroidal canonical degeneration family of Kähler manifolds with ample canonical bundles Gromov-Hausdorff converge to the complete Kähler-Einstein metric on the smooth part of the central fiber when the base locus of the degeneration family is empty. We also prove the incompleteness of the Weil-Peterson metric in this case.
Introduction
This work is a sequel of [6] . In algebraic geometry, when discussing the compactification of the moduli space of complex manifold X with ample canonical bundle K X , it is necessary to consider holomorphic degeneration family π : X → B, where X t = π −1 (t) are smooth except for t = 0, such that the canonical bundle of X t for t = 0 and the dualizing sheaf of X 0 are ample. We will call such degeneration canonical degeneration. We are interested in studying the degeneration behavior of the family of Kähler-Einstein metric g t on X t when t approaches 0. The program of application of Kähler-Einstein metrics to algebraic geometry was initiated by Yau ([9] ) following his proof of Calabi conjecture ( [11] ). In [6] , following the general framework in Tian's paper ( [7] ) extending Yau's program, we studied the case when X is smooth and the central fibre X 0 is the union of smooth divisors D 1 , · · · , D L with normal crossings. The smoothness condition of X when X 0 is normal crossing is equivalent to the base locus of the deformation being empty. In this paper, we will generalize the result in [6] to the case when the central fibre X 0 is the union of smooth divisors D 1 , · · · , D L that results from the so-called toroidal degeneration of smooth X t (see section 0 Partially supported by NSF Grant DMS-0104150.
2 for definitions). The total space X will be toroidal and generally not smooth. We also assume that the dualizing line bundle K X exists and is ample. In some sense, such degenerations are generic base point free canonical degenerations. (Toroidal canonical degenerations and related concepts, constructions are discussed in section 2.)
In this paper, we will also follow the three steps outlined in [6] . The first step is to construct certain smooth family of background Kähler metricsĝ t on X t and their Kähler potential volume formsV t . The second step is to construct a smooth family of approximate Kähler metrics g t with Kähler form ω t = i 2π ∂∂ log V t , where V t = hV t (h is a function on X ) satisfies certain uniform estimate independent of t. The third step is to use Monge-Ampère estimate of Aubin and Yau to derive uniform estimate (independent of t) for the smooth family of Kähler-Einstein metrics g E,t , starting with the smooth family of approximate Kähler metric g t , which is enough to ensure the Gromov-Hausdorff convergence of the family to the unique complete Kähler-Einstein metric
on the smooth part of X 0 . The first and the third steps carried out in the very brief sections 3 and 5 are virtually the same as in the normal crossing case [6] . The second step carried out in section 4 is more involved than the simple global construction in [6] . Our first main theorem (proved in section 5) is the following. The following similar but much more non-trivial (comparing to [6] ) estimate of the Weil-Peterson metric near the degeneration, which implies the incompleteness of the Weil-Peterson metric, is worked out in section 6. 
Note of notation:
We say A ∼ B if there exist constants C 1 , C 2 > 0 such that
Toroidal canonical degeneration
An (n + 1)-dimensional affine toric variety A σ0 is determined by a strongly convex (n + 1)-dimensional polyhedral cone σ 0 . Let σ 0 (k) denote the set of kdimensional subfaces of σ 0 . σ 0 (n) corresponds to toric Weil divisors {D i } i∈σ0(n) in A σ0 . σ 0 (1) corresponds to toric Cartier divisors {(f i )} i∈σ0 (1) 
where a ij is the natural pairing of the primitive elements in i ∈ σ 0 (1) and
π : X → B ∼ = C is called a toric degeneration, if X is an affine toric variety such that X \X 0 is the big open torus and π is a toric map. Consequently X t for t = 0 are codimension 1 subtori in X \X 0 . A toric degeneration is determined by a strongly convex polyhedral cone with a marked primitive element in the interior of the cone. Or equivalently, an equivalence class (modulo linear functions) of convex piecewise linear integral functions on a lattice M that are compatible with a complete fan Σ in
Recall that a complex torus has a canonical toric holomorphic volume form, and consequently a canonical toric volume form. Via this toric holomorphic volume form on the complex torus X \ X 0 , the dualizing sheaf K X can be naturally identified with O X (−D). We call π simple when each divisor D i is of multiplicity 1 under π. Then the Cartier divisor (t) = D and the dualizing sheaf K X is a line bundle. Σ(1) can be equivalently interpreted as the set of primitive generating elements of 1-dimensional cones in Σ. Then a piecewise linear function can be expressed as {w m } m∈Σ(1) , with w m ∈ Z for m ∈ Σ(1). The toric degeneration family can be expressed by the following toric embedding family (1) . We are also interested in generalized toric degeneration, where w m ∈ R are not necessarily integral.
Remark: A priori, the piecewise linear function f generated by {w m } m∈Σ (1) need not be convex. Then we may take the largest convex functionf ≤ f . The piecewise linear convex functionf will be generated by {w m } m∈Σ(1) , whereΣ (1) is a subset of Σ(1). There is a natural projection p :
It is easy to check that p induces an equivalence between the toric degeneration families determined by toric embeddings i t andĩ t = p • i t . Therefore, we only need to consider the case when f is convex. For f generic, the fan it determines is a simplicial fan. Namely the toric divisors are all toric orbifolds.
π : X → B is called a toroidal degeneration if it is locally toric. For generic such degeneration π,
The Weil divisors D i are toroidal orbifolds. We will assume that π is simple.
(Namely, each divisor D i is of multiplicity 1 under π.) Then the dualizing sheaf K X is a line bundle. Without loss of generality and for simplicity of notations, we will also assume that each 
Construction of the background metric
For construction in this section to work, it is necessary to assume that the dualizing line bundle K X of the total space X exists and is ample, which is valid in our situation. (The construction in this section is partially inspired by our work ( [5] ) on Bergmann metrics.) Recall that
The last equivalence is not canonical, depending on the trivialization K B ∼ = O B . We will use dt to fix the trivialization of K B .) Since K Xt is ample for all t, certain multiple K m Xt will be very ample for all t. Equivalently, K m X is very ample on X . It is not hard to find sections
will determine a family of embedding e t : X t → CP Nm such that e t = e| Xt . Choose the Fubini-Study metric ω F S on CP Nm , and definê
Since K m X is very ample on X ,ω is a smooth metric on X . The Kähler potential ofω andω t are the volume formŝ
Since K m X is ample and therefore base point free,V is a non-degenerate smooth volume form on X . Recall (t) = D. HenceV |t| 2 is a toroidal volume form on X .
On the other hand, dt t is the standard toric holomorphic form on B. Therefore,
Xt is also toroidal, namelŷ
under the coordinate (z,z) for X t ∩ U 4 Construction of the approximate metric
By our construction of s m 2 m , it is easy to see that h is a globally defined function. Let V = hV , then
When restricted to X t , we have ω t =ω t + α t , where ω t = ω| Xt ,ω t =ω| Xt , α t = α| Xt .
is always semi-positive. By our construction, s m m ≤ η is small. Then |a m | will be large and easily 1 2ω ≤ω ≤ 2ω.
Since Σ I (l) ∼ = I and Σ I is a simplicial fan, i ∈ I naturally corresponds to a subset S i ⊂ Σ I (1) with l elements.
Proposition 4.1 There exist λ 1 , λ 2 > 0 such that log |s m | 2 ≥ λ 2 log |t| 2 for all m ∈ Σ I (1). And S = {m ∈ Σ I (1)| log |s m | 2 ≥ λ 1 log |t| 2 } ⊂ S i for some i ∈ I.
Proof: For m ∈ Σ I (1), there exists i ∈ I such that −m belongs to the cone spanned by S i . Namely
We may take λ 2 to be the maximum of such (
Take a subset S ′ ⊂ S such that S ′ span a simplicial cone and S ′ ⊂ S i for any We may take λ 1 > 0 to be small so that λ 3 + Cλ 1 < 0. Then |s m ′ | 2 will be big, contradicting the fact that |s m ′ | 2 is small in U 0 I . Therefore, S ⊂ S i for some i ∈ I.
Then the proposition 4.1 implies . It is easy to see that this coordinate z is a special case of the toroidal coordinate z defined in section 2. Let
Proposition 4.2 For t small enough, we have
. According to formula (3.1),
Notice that V t = hV t is the Kähler potential of ω t . Assume
Proposition 4.4 |φ t | is bounded independent of t.
Proof: It is sufficient to verify in each U 0 I,i . According to propositions 4.3 and 4.2, we have
Therefore |φ t | is bounded independent of t. Proof: On a Riemannian manifold (M, g), we call a basis {v i } proper if the corresponding metric matrix satisfies
To verify that the Riemannian metric g has bounded curvature, it is enough to find a proper basis {v i } such that the second derivatives of g ij and C 1 norm of the coefficients of [v i , v j ] with respect to the basis {v i } are all bounded.
It is sufficient to verify in each U
According to proposition 4.3, it is straightforward to check that the basis 
The functions , log t) and P (a mj ) is a polynomial on a mj . Above computations imply that the derivatives of functions in (4.1) with respect to {W j ,W j } n j=1 are smooth functions of terms in (4.1) and other smooth bounded terms. Therefore they are bounded.
It is straightforward to check that g ij and the coefficients of [
are all smooth functions of terms in (4.1) and other bounded smooth terms. Consequently, any derivatives of theirs with respect to {W j ,W j } n j=1 are also smooth functions of terms in (4.1) and other bounded terms, therefore, are all bounded. Proposition 4.6 For any k, φ t C k ,gt is uniformly bounded with respect to t.
Proof: Similar as in the proof of the previous proposition, in U 0 I,i , φ t is a smooth function of terms in (4.1) and other smooth bounded terms. Consequently, all multi-derivatives of φ t with respect to {W j ,W j } n j=1 are smooth functions of terms in (4.1) and other smooth bounded terms. Therefore they are bounded.
Construction of Kähler-Einstein metric via complex Monge-Ampère
In this section, we will use the same notions as in the previous sections. In [7] , using the Monge-Ampère estimate of Aubin and Yau, Tian essentially proved the following.
Theorem 5.1 (Tian) Assume that φ t , the curvature of g t and their multiderivatives are all bounded uniformly independent of t, then the Kähler-Einstein metric g E,t on X t will converge to the complete Cheng-Yau Kähler-Einstein metric g E,0 on X 0 \ Sing(X 0 ) in the sense of Cheeger-Gromov: there are an exhaustion of compact subsets F β ⊂ X 0 \ Sing(X 0 ) and diffeomorphisms ψ β,t from F β into X t satisfying: It is easy to see that our construction actually implies the following asymptotic description of the family of Kähler-Einstein metrics.
Theorem 5.2 Kähler-Einstein metric g E,t on X t is uniformly quasi-isometric to the explicit approximate metric g t . More precisely, there exist constants
Proof: The uniform C 0 -estimate of the complex Monge-Ampère equations implies that C 1 ω n t ≤ ω n E,t ≤ C 2 ω n t for some C 1 , C 2 > 0. The uniform C 2 -estimate of the complex Monge-Ampère equations implies that Tr gt g E,t is uniformly bounded from above. Combining these two estimates, we get our conclusion.
Weil-Peterson metric near degeneration
In this section, we will start with the discussion of the toric case, which is of independent interest and the estimate is more precise. Then we will proceed to the global toroidal case.
Example: Consider a toric degeneration π : X → B ∼ = C determined by a complete fan Σ in M and an integral piecewise linear convex function determined by {w m } m∈Σ (1) . For i ∈ Σ(n) assume w m = 0 for m ∈ S i and w m > 0 for m ∈ Σ(1) \ S i . With S i = {m 1 , · · · , m n } and toric coordinate z j = s mj for 1 ≤ j ≤ n, we have
then∂W | Xt is a natural representative of Kodaira-Spencer deformation class in the Dolbeaut cohomology H 1 (T Xt ). W can also be determined by the conditions π * W = t d dt and i(W )ω| Xt = 0 for all t. Let a j = log |z j | 2 and a m = log |s m | 2 for m ∈ Σ(1) \ S i . We will use ρ = 1 + O(a j /a m ) to denote a bounded smooth function on a j /a m for 1
.) It is straightforward to derive that
Define F = (a 1 , · · · , a n ) : X → R n . For c < 1, consider the domain U i,c = {x ∈ U i | max m ∈Si (a m ) ≤ 2λ 1 log |t| 2 , |z j | ≤ c, for 1 ≤ j ≤ n}. For ω t and W as in the previous example, we have Proof: We may compute the volume of X t ∩ U i,c . There exists c 1 > 0 such that [c 1 log |t| 2 , log c 2 ] n ⊂ F (X t ∩ U i,c ). With respect to the approximate Kähler metric g and parametrizing function t on X , we can similarly define W .∂W also represents the Kodaira-Spencer deformation class. We have
